The chromatic number of the categorical product of two n-tournaments can be strictly smaller than n. We show that min{χ(S × T ) : S and T are n-tournaments} is asymptotically equal to λn, where
Introduction
A tournament is an orientation of a complete graph. We will write u → v to indicate the presence of an arc from u to v in a directed graph. The categorical product G × H of two directed graphs G and H is the directed graph with vertex set V (G)×V (H) and arcs (u 1 , u 2 ) → (v 1 , v 2 ) for all u 1 → v 1 in G and u 2 → v 2 in H.
A n-colouring of a directed graph G is a map φ : V (G) → {0, 1, . . . , n − 1} such that u → v implies φ(u) = φ(v). The chromatic number χ(G) of G is the least n such that G admits a n-colouring. Note that colourings and chromatic number are independent of the orientation of the edges of a graph. However the orientation of the factors do affect the structure of a product, and its chromatic number. In this paper we will investigate bounds on chromatic numbers of products of directed graphs in general, and of tournaments in particular.
For any two directed graphs G and H, we have
since a colouring of G × H can be derived from a colouring of either factor. As pointed out in [4] , the inequality can be strict, even in the case of tournaments. We consider two functions g, t : N → N defined as follows:
The function g was introduced by Poljak and Rödl [4] , who showed that g(n) = n for n ≤ 3 and g(n) < n for n ≥ 4. Little more is known about the behaviour of g. Clearly, g is nondecreasing, and it is generally thought that g should grow without bounds, but a proof of this seems to be out of reach at the moment. Ironically, if g turns out to be bounded, then it is completely characterised by the following result:
By restricting the factors to tournaments instead of general n-chromatic directed graphs, we define the function t such that g ≤ t. In this paper we prove that t is essentially linear:
Theorem 2 The sequence (t(n)/n) n≥1 converges to a limit λ, where
The proof of this result is the object of the next two sections. We will then show how this result is related to fractional approaches to Hedetniemi's conjecture on the chromatic number of the product of two undirected graphs.
Lexicographic products of tournaments
The lexicographic product G[H] of two directed graphs G and H is the directed graph with vertex set
is obtained from G by replacing every vertex by a copy of H. Note that the lexicographic product of two tournaments is again a tournament. Let T n denote the transitive tournament on n vertices, defined by V (T n ) = {0, 1, . . . , n − 1} and i → j if i < j.
Proof. Since V (G × H) can be covered with χ(G × H) independent sets, it suffices to show that for any independent set I of G × H, the subgraph X of G × H induced by
is n-colourable. We put
and we split I into the four sets
We show that φ is a n-colouring of X.
. If u → u, then we must have v = v because I is an independent set and contains (u , v ) and (u, v). This implies j < j ≤ φ((u, i), (v, j)). We must then have φ((u , i ), (v , j )) ≤ j , for otherwise I would contain a vertex
The remaining possibility is u = u, v = v. We then have i < i and j < j. Since the functions max, min and the projections pr 1 , pr 2 are all proper n-colourings of T n × T n , we again have φ((u , i ), (v , j )) = φ((u, i), (v, j)).
Corollary 4 (t(n)/n) n≥1 converges to λ = inf{t(n)/n : n ≥ 1}.
Poljak and
Rödl [4] provide examples of 4-tournaments S and T such that χ(S × T ) = 3; therefore λ ≤ 3 4 . We do not know any n-tournaments S and T such that χ(S × T ) ≤ 2 3 n. In the next section the bound λ ≤ 2 3 is achieved asymptotically.
Bounds on λ
Let S 2n+1 be the tournament on the vertex set V (S 2n+1 ) = {0, 1, . . . , 2n} with arcs i → (i + k) for all i ∈ V (S 2n+1 ) and k ∈ {1, . . . , n} (where addition is carried modulo k). Recall that T 2n+1 is the transitive tournament on {0, 1, . . . , 2n}. 6 6 5 5 5 4 4 4 3 3 3 2 7 6 6 6 5 5 5 4 4 4 4 1 7 7 7 6 6 6 5 5 5 5 4 0 8 8 7 7 7 6 6 6 6 5 5 0 1 2 3 4 5 6 7 8 9 10 T 11
It is an elementary (though lengthy) exercise to show that similar "staircase colourings" achieve the specified bound for all values of n.
The next result provides an upper bound on the independence number of a product of a tournaments, from which the lower bound on its chromatic number is easily derived.
Proof. Let I an independent set of S × T . We consider the bipartite graph B whose vertex set is the disjoint union of V (S) and V (T ) whose edges are the pairs {s, t} such that (s, t) ∈ I. It is easily seen that for any path s 1 , t 1 , s 2 , t 2 , . . . , s n , t n of B, the sets {s 1 , . . . , s n } and {t 1 , . . . , t n } induce transitive tournaments in S and T respectively, with one labelled in increasing order and the other one in decreasing order. ¿From this follows that B cannot contain any cycles, whence B is a forest and |I| ≤ |V (S)| + |V (T )| − 1.
By Lemma 7, we have t(n) > n/2. With Corollaries 4 and 6, this completes the proof of Theorem 2. We will see in the next section that the lower bound derived from Lemma 7 is just a special case of a much more general result, which motivated the present work.
Fractional aspects of Hedetniemi's conjecture
Let I(G) denote the family of all independent sets of a directed or undirected graph G. A function µ : I(G) → [0, 1] is called a fractional colouring of G if we have u∈I µ(I) ≥ 1 for all u ∈ V (G). The value I∈I(G) µ(I) is called the weight of µ. The fractional chromatic number χ f (G) of G is the minimum weight of a fractional colouring of G. In [6] , Scheinermann and Ullman show how similar linear relaxations of integer-valued graph parameters lead to new insight into old graph-theoretic problems.
One such problem involves a formula for the chromatic number of the categorical product of undirected graphs. According to Hedetniemi's conjecture, the equality
should hold for all undirected graphs G and H. By now the conjecture has remained open for more than thirty years, in spite of the efforts of many people (see [5, 8] for surveys). Now for any graph X, we have χ f (X) ≤ χ(X). Thus the equality (1) implies
This is a weaker form of Hedetniemi's conjecture, and it is yet unproved.
However it appears to be more tractable than the original conjecture. In particular, the following bound is given in [7] :
Now, as mentionned in [7] , the inequality (3) is valid in the case of directed graphs as well, though neither of (1) and (2) hold in that case. Therefore it would be interesting to know to which extent can (3) be improved in the case of undirected graphs:
Problem 8 Does there exist a constant c > 1 2 such that the bound
holds for all undirected graphs G and H?
The results of the present paper indicate that the bound given by (3) is probably best possible in the case of directed graphs, given that the class of potential counterexamples to (4) is much larger than the class of tournaments inspected here. Therefore a positive answer to Problem 8 would probably allow to separate the case of undirected graphs from that of directed graphs.
In the long run, it would be desirable to eliminate the recourse to fractional parameters altogether. For instance, the following problem is still open:
Problem 9 Suppose that χ(G) ≥ 1000 and χ(G × H) = 4. Then does the inequality χ(H) ≤ 1000 necessarily hold?
In fact, even the weaker assertion α(H) ≥ |V (H)|/1000 is not yet proved. For the moment, the best construction of independent sets in H is the basis of the inequality (3); so an improvement of that bound could yield better constructions of independent sets.
